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The determinant of the adjacentcy matrix, the algebraic structure count and the Kekule structure 
count of circulenes are shown to conform to simple expressions containing Fibonacci numbers.

Introduction

Whereas the investigation of the topological prop­
erties of benzenoid and coronoid hydrocarbons seems 
to be a very active and prolific field of research in 
contemporary mathematical chemistry [1-5], non- 
benzenoid conjugated systems have been studied to a 
much lesser extent. Little is known about the Kekule 
structures of non-benzenoids, especially when com­
pared with the plethora of such results obtained for 
benzenoids and coronoids [1-3]. In order to fill this 
gap we have recently undertaken a systematic study of 
non-benzenoid molecules and their Kekule structures. 
In this paper we report our findings for circulenes, a 
class of conjugated species that were not included 
among coronoid hydrocarbons because of some for­
mal classification criteria [4].

The molecule of n-circulene is composed of n hexa­
gons, arranged so as to form an M-membered inner 
and a (3 n)-membered outer perimeter. Its molecular 
graph will be denoted by r„.

The 6-circulene is just the long-known benzenoid 
hydrocarbon coronene. The other members of the cir- 
culene family that have been obtained so far are 5-cir- 
culene (or corannulene) [6], and 7-circulene [7]; for 
synthetic work directed towards 8-circulene see [8].

If n is even then n-circulene is an alternant hydro­
carbon. Its algebraic structure count (ASC) is then 
given by [9-11]

ASC{r„} =l/deM(r„), (1)
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where det A (r„) is the determinant of the adjacency 
matrix of the molecular graph .

If n is odd, then the n-circulene is non-alternant and 
its algebraic structure count is not defined; in this case 
the right-hand side of (1) needs not be integer-valued.

Recall that the ASC-concept is based on a certain 
“parity” that can be assigned to every Kekule struc­
ture. Then ASC is just the difference between the num­
ber of “even” and “odd” Kekule structures [9-11]. An 
alternative name proposed for algebraic structure 
count is “corrected structure count” [12, 13],

Alternant hydrocarbons have well-defined ASC- 
values. In some non-alternant hydrocarbons, on the 
other hand, it is not possible to consistently assign 
parities to Kekule structures [14, 15], and then the 
ASC-concept becomes meaningless. The odd circulenes 
may serve as typical examples of non-alternant hydro­
carbons without ASC.
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In this paper we find an explicit expression for the 
determinant of the adjacency matrix of n-circulene. If 
n is even then by means of (1) we immediately obtain 
the respective algebraic structure count. For the sake 
of completeness we also deduce a similar expression 
for the Kekule structure count. All these quantities are 
expressed in terms of Fibonacci numbers.

The k-th Fibonacci number Fk is defined by means 
of the recurrence relation Fk =  Fk_ 1+  Ffc_2 and by 
means of the initial conditions F0 =  F1 =  l.  Some 
properties of Fibonacci numbers, that are needed in 
the subsequent considerations, are deduced in the Ap­
pendix.

We note in passing that some of our results could 
have been expressed in a more compact form in terms 
of Lucas numbers L k which are defined as L k =  
Fk +  Fk-  2 . We nevertheless prefer the somewhat better 
known Fibonacci numbers.

The Determinant of the Adjacency Matrix of r„

Let G denote a graph possessing N  vertices and let 
A(G) be its adjacency matrix. The characteristic poly­
nomial of G is denoted by </>(G, x) and is defined as

4>(G,x) =  det [xIN — A (G)]

where IN is the unit matrix of order N.  Evidently,

det A(G) =  ( —1)N (f)(G, 0). (2)

Now, let G be a rotagraph [16-18], i.e., a graph with 
the following structure:

The fragments U1, U2, . . . ,  Un are isomorphic. Fur­
ther, the way how a fragment Uj is connected to its left 
neighbor {Uj _ l ) and its right neighbor (Uj + l ) is same
for all j  =  assuming
v 0 =  un

that U„+l =  Ul and

The characteristic polynomial of a rotagraph is fac- 
torized as [16, 17]

0 (G ,x) (3)

=  f l  det [x/jy/,, — A(U)  — — (of yR(f/)] ,
j= 1

where cdj =  exp (2 i j  n/n), a>* =  exp (— 2 i j  n/n) and i = 
y  — 1. In (3) A(U)  is the adjacent matrix of any of the 
fragments Uj, whereas JL(U) and JR{U) describe the 
connections between Uj and its left and right neigh­
bor, respectively.

Form ula (3) has its origin in solid state quantum 
physics (see, for example, [19, 20]). It belongs to the 
standard tools of chemical graph theory; for some of 
its most recent applications see [21, 22].

The molecular graphs of circulenes are rotagraphs; 
their fragments Uj have four vertices each. Conse­
quently, by means of (3) the characteristic polynomial 
of rn is factored into n quartic polynomials:

<t>(rn, x ) =  f l  Pj{x),
7=1

where
OJj — CO* -1 0 o -
-1 X -1 — CDj

0 -1 X — 1
0 — CD* -1 X _

Pj(x) = det

Direct calculation yields

Pj (x) =  (x — 2 cos (2 j  n/n)) (x3 — 3 x — 2 cos (2 j  n/n))

- ( x 2-  1).
Bearing (2) in mind, we see that

det A(rn) =  f l  [l + (2 cos (2jn/n))2
7=1

(4)

Formula (4) can be viewed as just a routine result, 
obtained by utilizing the existence of an n-fold symme­
try axis in r„. We now prove another, less straightfor­
ward property of det A (Fn).

Theorem 1: If Fk is the /c-th Fibonacci number, then

det A (r„) 25 {Fn/2- i )  
5(Fn_ i)2

if n is even, 
if n is o d d .

(5)

Proof: Let C„ be the circuit with n vertices (=  the 
molecular graph of the n-annulene). A well known 
result in both theoretical chemistry [23] and graph 
spectral theory [24] is that the eigenvalues of C„ are
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2 cos(2jn/n), j  =  1, 2 , n. Bearing this in mind, the 
right-hand side of (4) can be rewritten as

f l  [l +  (2 cos(2j '7i/n))2]
j =  1

=  n  (i — 2 cos (2 j  n/n)) n  ( —i — 2 cos(2; '7t/n)) 
j = i  ) =  i

=  ^(C n,i)0 (C „ , - i ) .  (6)

The characteristic and the matching polynomials of 
the circuit C„ are related as [25]

</>(C„,x) =  a ( C „ ,x ) - 2 ,  (7)

whereas the matching polynomial of C„ obeys the re­
cursion relation [26]

a (C„, x) =  x o c i C ^ ^  x) -  a(C„_2, x ) . (8) 

The first few polynomials a(C„, x) are: ^

a(C l 5x) =  x; a(C2, x) =  x 2—2; a(C 3, x) =  x3—3x; 

a (C4, x) =  x4 — 4 x2 +  2; a (C5, x) =  x 5 — 5 x 3 +  5 x .

From (8) we readily obtain a Fibonacci-type recursion 
formula

[ (+ i )n*(Cn, ±0] (10)

= [(+ 0 ” ■1 «(C„ _ ,, ±  0] + [(+ IT -  2  a (C„ _ 2, + 0].

Taking into account (9), it is easy to verify that the 
solution of (10) reads

( + i ) not(Cn, ± i )  =  Fn +  Fn_2-

Combining this result with (7) we conclude that

0 (C„, ±  0 =  ( ±  0" (Fn +  Fn_ 2) — 2 ,

by means of which the right-hand side of (6) can be 
expressed in terms of Fibonacci numbers. Direct cal­
culation yields

f l  [l +  (2 cos (2jn/n))2]
7 = 1

[F„ +  Fn,  2- ( - l )n/2 2]2 if n is even,
(Fn +  Fn_ 2)2 +  4 if n is odd . ( }

Because the left-hand side of (6) is just the determinant 
of the adjacency matrix of the molecular graph of 
n-circulene, for even values of n, Theorem 1 follows 
from (11) and the identity (A 5) deduced in the Ap­
pendix. For odd values of n Theorem 1 follows from 
(11) and the identity (A 7). □

Combining (1) and (5) we see that the algebraic 
structure count of n-circulene is given by (12), that, of 
course, holds only for even n:

A SC {r„}=5(F„,2_ 1)2 . (12)

The Number of Kekule Structures of r„

The number of Kekule structures of the n-circulene 
will be denoted by K{r„}. This quantity is precisely 
the same as the number of perfect matchings of the 
cyclic ladder graph CL„ of length n.

To see this, recall that if the graph G' is obtained 
from a graph G by inserting two new vertices (of de­
gree two) to an arbitrary edge of G, then G' and G have 
equal numbers of perfect matchings [22]. The cyclic 
ladder graph was recently studied by Hosoya and 
Harary [22], and the number of its perfect matching 
was shown to be equal to Fn +  Fn_ 2 +1 +  ( — 1)". Con­
sequently,

K{r„} =  F„ +  F„_2+ l + ( - i r .  (13)

Note that the result expressed in (13) is essentially the 
same as what Bergan et al. [27] obtained for the Kekule 
structure count of primitive coronoids with angularly 
annelated hexagons.

Using the identities (A 5) and (A 8) given in the Ap­
pendix, we arrive at

C (£»/2 +  F„:2 -  2)2 if " =  0 (mod 4).
K  {/;} =  j  5 (F„2 _ ,)s if n =  2 (mod 4), (14) 

vF„ +  Fn_2 if n is o d d .

Combining (12) and (14) and bearing in mind the 
identity (A 7), the following relations between the
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ASC- and K-values of (even) circulenes are obtained:

ASC{r„} = K { r n] - 4  if n = 0 (mod 4), (15 a)

ASC{rnj =  K{rnj if n =  2 (mod 4). (15 b)

In addition to this, we have

det A ( Q  =  (K  {rn})2 + 4  if n is odd .

Equation (15 b) reveals the (not too surprising) fact 
that all the Kekule structures of (4 k +  2)-circulenes 
are of the same parity. From (15 a) we see that in 
4 /c-circulenes all but two Kekule structures are of the 
same parity. Hence, there is only a small “correction” 
[12, 13] that has to be made to the Kekule structure 
counts of 4 /c-circulenes and no correction whatever in 
the case of (4 k +  2)-circulenes. This would imply the 
conclusion that there is no significant difference be­
tween the 7r-electron conjugation and aromaticity of
4 k- and (4/c+ 2)-circulenes. The same applies to odd 
and even circulenes. (Topological consideration fails 
to take into account steric effects. Therefore the con­
clusions based on the analysis of the Kekule structures 
only should be interpreted with appropriate caution. 
Different sizes of the inner perimeter may cause dras­
tic steric strain and non-planarity in circulenes, dis­
torting the 7t-electron network beyond the applicabil­
ity of the simple Kekule-structure-based theoretical 
models.)

A Generalization: Circulenes with Ring Sizes 
Different from Six

In this section we compute the determinants of the 
adjacency matrices of the graphs r„ m that are obvious 
generalizations of the molecular graphs of circulenes.

Evidently, r„ m coincides with the circulene graph if 
m =  2, and is equal to the cyclic ladder if m =  0.

We first recall a long-known result [28]: If the graph 
G' is obtained from a graph G by inserting four new 
vertices (of degree two) to an arbitrary edge of G, then 
the determinants of the adjacency matrices of G' and 
G are equal. Its immediate consequence is the follow­
ing:

Theorem 2: If m =  m (mod 4), then

det A (r„ m) = det A (F„ m.).

In view of Theorem 2, the problem of the computa­
tion of det.4(r„ m) is reduced to the finding of the 
determinants of the adjacency matrices of r„ 0 , Fn l , 
r„ 2 and r„ 3. The case of r„ 2 has already been solved 
(Theorem 1). Employing a symmetry-factoring method 
analogous to what was used to obtain (4), we arrive at

Theorem 3: If m =  2 (mod 4), then det A (r„ m) is equal 
to the right-hand side of (5). In addition to this,

(a) if m =  0 (mod 4), then

f 0 if n =  0 or n =  3 (mod 6), 
det A(r„ J  =  3 if n =  1 or n =  5 (mod 6),

1 9 if n =  2 or n =  4 (mod 6);

(b) if m =  1 (mod 4), then

0 if n is even,
8 if n is odd;

det A(rn m) =

(c) if m =  3 (mod 4), then

det A (r„ J  =  0 for all values of n.

Observe that the formula given under (a) embraces 
also the case of the cyclic ladders.

The most remarkable feature of Theorem 3 is that 
the forms of the expressions for det A (f„ J ,  m =  0,1, 3 
(mod 4) are completely different from the respective 
expression for m = 2 (mod 4). Whereas det A(r„ 2) is 
found to be a function of the rc-th or (n/2)-th Fibonacci 
number and thus exponentially increases with increas­
ing n, the other three determinants assume only a 
limited number of values (one, two or three) and ex­
hibit a certain periodicity when regarded as functions 
of n. Theorems 1 and 3 imply that the circulene graphs 
have distinguished graph-spectral properties, particu­
larly when compared with the similarly structured 
graphs rn-m.
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For completeness we mention that for even values 
of m, the number of perfect matchings (=  Kekule 
structure count) of r„ m is the same as of Fn, (13) and
(14). On the other hand, for odd values of m

4 if n is even,
0 if n is odd .

Appendix. Some identities for Fibonacci numbers

Lemma 1: For a, b >  1,

Fa + b =  FaFb +  Fa_ 1Fb_ 1 . (A l)

Proof proceeds by induction on the number b. □

For a =  b, formula (A 1) reduces to

F2a =  (Fa)2+ ( F a - 1)2- (A2)

Lemma 2: For a, b >  1 and 0 < t <  min {a, b} — 1,

Fa +1 1 ~  Fa Fb =  ( — 1)' [Fa + 1 Fb_ i _ t — Fa_ f Fb_ t\ .

(A3)

Proof: Using the facts tha t Fa+l =  Fa +  Fa_ 1 and Fb =  
Fb_ 1 +  Fb_ 2, we transform the left-hand side of (A3) 
into Fa_ x Fb_ 1 — FaFb_ 2 which is exactly the right- 
hand side of (A3) for t — 1. Repeating this procedure 
t times we arrive at (A 3). □

Choosing a =  b =  p — 1 and t =  p  — 2 we have the fol­
lowing special case of (A3):

FpFp-2 — Fp-i FP- i  =  (—l)p • (A4)

Lemma 3: For p  >  1,

F2p +  F2p- 2 ~  ( -  l)p 2 =  5 (Fp_ l)2 . (A5)

Proof: Using (A 2), the left-hand side of (A 5) is trans­
formed as

F2p +  F2p_ 2 - ( - l ) ' 2

= [(Fp)2+  (Fp_ t)2] +  [(F, . , ) 2 +  (.Fp_2)2] -  ( - l ) p 2

=  4(Fp_ t)2 +  [(Fp)2 +  (Fp_ 2)2 -  2 Fp Fp_ 2] +  2 Fp Fp_ 2

— 2Fp_ l Fp_ 1 —( —l)p 2 . (A6)

Because of (A4),

2Fp Fp- 2 - 2 F p_ 1Fp. 1 - ( - i y 2  =  0 ,

and therefore (A 6) becomes

F2p +  F2p—2 ~  ( -  l)p 2 =  4(Fp_ 1)2 +  [Fp -  Fp_ 2]2.

Lemma 3 follows now from the obvious relation 
Fp - F p_ 2 =  Fp- l . □

Lemma 4: For n >  2,

(f , +  £ , - 2)2 =  5 (F » -,)2 + ( - l ) " 4 .  (A 7)

Proof: Use the evident identity

(F. +  F , - 2)2 =  (F„ -  f ,_ 2)2 + 4F„ Fn_ 2

~(F .  ~  f , - 2)2 +  4 ( f „_1)2 + 4(F „F „_2 -

combine it with (A4) and take into account Fn — F„_2 
= ^ - i -  □

By (A 5) and (A 7) we have the following corollary to 
Lemmata 3 and 4:

Corollary. For p >  1,

F2p +  F2p_2 +  ( -  \ y  2 =  (F, +  Fp_ 2)2. (A 8)
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